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Abstract: Two’s complement overflow detection is traditionally performed by evaluating the carry into
and out of the sign bit after full binary addition, or equivalently by comparing operand and result signs.
While exact and efficient in hardware, such methods require complete carry evaluation and are less
amenable to bounded or early-termination analysis in software and formal reasoning contexts. This paper
presents a conservative upper-bound test for detecting potential overflow in two’s complement binary
addition based on vector carry analysis. Binary operands are partitioned into ordered vectors of adjacent
bits, preserving bit significance, and carry behavior is analyzed through explicit bitwise propagate and
generate relations. In prioritizing analysis of the most significant vectors, the proposed method can
terminate early when overflow is either impossible or unavoidable, without requiring full carry
computation. The approach does not replace exact overflow detection; rather, it provides a sound
sufficient condition that guarantees no false negatives while allowing false positives. Such makes the
method suitable for static analysis, formal verification, and pedagogical exposition of carry propagation
behavior. The paper formally derives the vector-based carry equations, proves soundness of the upper-
bound test, and demonstrates the method through worked examples covering positive and negative
overflow and non-overflow cases.
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I. INTRODUCTION
Detecting arithmetic overflow is a fundamental concern in computer systems, affecting correctness, safety,
and security across software analysis, compiler optimization, and hardware verification. In two’s-complement
arithmetic, overflow arises from carry behavior at the sign bit and is traditionally determined only after full bit-
level evaluation of an addition. While exact detection is straightforward, it is often unnecessarily expensive or
redundant in contexts where overflow can be ruled out early.
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Many existing approaches treat overflow detection as an all-or-nothing problem: either the entire addition is
evaluated, or conservative approximations are used that sacrifice precision. This dichotomy is particularly
limiting in static analysis, symbolic execution, and formal verification, where early exclusion of impossible
overflow cases can significantly reduce state space and computational cost.

This paper introduces a bounded carry-based analysis for two’s-complement addition that enables sound early
exclusion of overflow by inspecting only a prefix of the most significant bits. Rather than computing full carries
and sums, the method reasons over generate and propagate abstractions, grouped into fixed-width vectors, to
determine whether any carry could possibly reach the sign bit. When such reachability is impossible, overflow is
conclusively excluded without further computation.

The proposed framework is deliberately one-sided: it never claims overflow unless full analysis is performed.
At bounded depth, it serves as a conservative screening mechanism that can return a definitive “no overflow”
result or defer judgment when uncertainty remains. As the inspection depth increases, the analysis refines
monotonically, and when extended to the full operand width it remains sound as an overflow-exclusion test,
while exact overflow detection still requires full bit-level carry evaluation.

A key contribution of this work is the precise formalization of upper-half carry behavior, including the
distinction between propagation barriers and carry-to-sign possibility. The analysis treats the sign bit as a
terminal sink rather than a propagation gate and explicitly accounts for boundary generators below the inspected
region to preserve soundness. These design choices allow the method to remain correct while still benefiting
from partial inspection.

1. OBJECTIVE
a. Objectives
The objectives of this paper are summarized in Table I.

TABLE I
OBJECTIVES OF THE PAPER
Objective Description
Develop a bounded Formulate a carry-based analysis that:

overflow exclusion method | can conclusively exclude two’s-complement overflow
may not require full bit-level evaluation

Formalize upper-half carry | Define precise predicates over generate and propagate signals that characterize
behavior whether a carry can reach the sign bit from partially inspected operand regions.

Enable early termination | Allow overflow to be ruled out:
after inspecting only a prefix of the most significant bits
reducing computational effort when full evaluation is unnecessary

Preserve soundness at full | Show that when the inspection depth is extended to include all vectors, the

depth method becomes equivalent to exact bit-level overflow detection.
Provide monotonic Establish that increasing the inspection depth monotonically reduces uncertainty
refinement and never invalidates prior exclusion results.
Maintain architectural Express the analysis purely in terms of:
independence Generate/propagate logic

Independence from specific adder implementations or hardware optimizations

b. Scope and Limitations
The scope and limitations of this paper are summarized in Table 11 and I1I.

TABLE II
SCOPE OF THE PROPOSED METHOD
Scope Description
Two’s-complement The analysis applies exclusively to two’s-complement binary addition.
arithmetic
Same-sign operand The method targets cases where both operands share the same sign, the only
condition scenario in which overflow may occur.

Carry-based analysis Overflow reasoning is performed using generate and propagate signals rather than
explicit sum-bit computation.

Upper-half bounded The method inspects only a bounded prefix of the most significant vectors to
inspection attempt early overflow exclusion.

Binary Vectors Computation utilized binary vector representations of the two’s complement
addition operands.
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TABLE I
LIMITATIONS OF THE PROPOSED METHOD
Limitation Description
Incompleteness at bounded | At partial inspection depths, the method may return an inconclusive result even
depth when overflow does not occur.

No early overflow

: . The method does not confirm overflow until full-depth evaluation is performed.
confirmation

Dependence on propagation | Early exclusion is only possible when propagation breaks occur within the
structure inspected upper half.

The framework is limited to addition and does not directly generalize to

Addition-only focus subtraction or other arithmetic operations.

Mixed-sign addition is not addressed, as overflow is structurally impossible in
such a case.

Same-sign restriction

I1l. REVIEW OF RELATED LITERATURE
Two’s Complement Representation and Arithmetic Foundation

Two’s complement representation is the standard encoding for signed integers in digital systems due to its
arithmetic properties and implementation simplicity. Parhami introduced a modified two’s complement
representation using double least-significant bits, which preserves compatibility with conventional two’s
complement arithmetic while providing a symmetric representable range and enabling carry-free negation
through bitwise complementation [1]. The work demonstrated that standard addition, subtraction, and higher-
level arithmetic operations remain valid under this representation, reinforcing the central role of two’s
complement arithmetic in digital computation.

Two’s complement arithmetic is also fundamental to signed multiplication. Baugh and Wooley
reformulated two’s complement multiplication so that all partial products can be accumulated using addition
rather than subtraction by algebraically transforming negative-sign partial products [2]. Their algorithm enables
high-speed parallel array multiplication while remaining fully consistent with two’s complement number
semantics. These works establish two’s complement arithmetic as a stable and extensible foundation for both
addition and more complex arithmetic operations.

Carry Propagation and Early High-Speed Adder Designs

The performance of binary addition is strongly influenced by the propagation of carry signals between bit
positions. Early adder designs, such as ripple-carry adders, suffer from linear delay due to sequential carry
propagation. Sklansky introduced conditional-sum addition logic, in which sums and carries are computed
conditionally under all possible carry-in assumptions and progressively resolved through successive stages [3].
This method allows addition results to be produced in time independent of word length under specified
operating modes.

Bedrij proposed the carry-select adder, which partitions operands into blocks and computes provisional
sums and carries for each block assuming both possible carry-in values [4]. Once the actual carry-in is known,
the correct block output is selected. Bedrij further extended this idea using multiple-radix carry signals, enabling
hierarchical carry propagation across block groups. These architectures demonstrate early attempts to mitigate
carry propagation delay by restructuring the addition process.

Carry Lookahead and Parallel Prefix Computation

Carry lookahead adders formalize carry computation using generate and propagate signals. Kogge and
Stone showed that carry computation can be expressed as a prefix problem over associative generate—propagate
pairs, enabling all carries in an n-bit addition to be computed in logarithmic time [5]. Their work provided
explicit parallel algorithms and network structures for carry computation.

Brent and Kung refined this approach by proposing parallel prefix adder layouts optimized for regularity
and reduced area in VLSI implementations [6]. They demonstrated that carry computation can be structured to
trade off logic depth and hardware complexity while preserving logarithmic time bounds. These works establish
the theoretical and architectural basis for modern parallel-prefix adders.

Statistical and Variable-Time Carry Analysis

Beyond worst-case analysis, carry propagation can be modeled probabilistically. De Gloria and Olivieri
introduced statistical carry lookahead adders by analyzing carry behavior under uniformly distributed operands
[7]. They developed probabilistic models for carry chain lengths and derived expressions for average addition
time based on the longest unresolved carry chain.
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In subsequent work, De Gloria and Olivieri examined completion-detection carry-select adders, which
explicitly signal when addition results have stabilized [8]. They provided a formal timing model that accounts
for overlapping signal resolution and demonstrated that average completion time depends on both carry
propagation and completion-detection overhead. These works show that carry evaluation need not always
proceed to full worst-case depth to determine correctness.

Speculative and Bounded Carry Propagation

Verma, Brisk, and lenne introduced speculative addition through almost-correct adders that assume carry
propagation is bounded in length [9]. Their analysis modeled propagate signals as random bit sequences and
showed that long carry chains occur with very low probability. Based on this observation, they proposed
variable-latency speculative adders that compute results using bounded carry windows and detect rare errors
using propagate-chain detection logic. When errors occur, recovery mechanisms compute the correct result
using previously generated propagate-generate information. This work formally demonstrates that bounded
carry assumptions can be exploited to reduce average addition latency while preserving correctness through
verification and recovery.

Modern Carry Lookahead Optimization and Comparative Evaluation

Recent work continues to optimize carry lookahead and related parallel-prefix architectures with respect to
delay, power, and energy efficiency. Balasubramanian and Mastellakis presented a gate-level carry lookahead
adder architecture that restructures lookahead carry equations to reduce critical path delay [10]. They derived
reduced Boolean forms for carry computation and demonstrated their implementation using AO21 complex
gates. The paper provided both theoretical delay analysis and empirical results from synthesis using a 32—-28 nm
CMOS standard cell library. A comprehensive comparison against ripple-carry, carry-select, conditional-sum,
and parallel-prefix adders showed that carry lookahead designs occupy a central trade-off space between speed,
area, and power consumption.

Balasubramanian and Maskell proposed a new carry look-ahead adder (NCLA) architecture that departs
from conventional uniform block sizing by employing non-uniform carry look-ahead modules optimized for
speed and energy efficiency [11]. Their synthesis-based evaluation on 32-bit adders demonstrated measurable
reductions in delay and energy compared to optimized conventional CLAs, carry-select, conditional-sum, and
Kogge-Stone adders, while maintaining comparable area and power consumption. The authors further observed
that excessively large CLA modules increase logic complexity in the final carry computation, limiting delay
improvements and motivating balanced, heterogeneous module sizing strategies.

With regards to asynchronous, Balasubramanian and Liu introduced high-speed and energy-efficient quasi-
delay-insensitive carry look-ahead adders using monotonic logic styles [12]. Their synchronous look-ahead
architectures were extended to asynchronous strong- and weak-indication models, with cycle time, power, and
energy improvements reported relative to a baseline asynchronous carry look-ahead design. The work
emphasized restructuring carry equations to minimize logic depth while preserving monotonic signal transitions,
demonstrating that carry look-ahead techniques remain effective even under robust delay-insensitive design
constraints.

Camus, Schlachter, and Enz explored approximate arithmetic through the Carry Cut-Back (CCB) technique
[13]. Their approach selectively truncates carry propagation in higher-significance bits to avoid activating the
critical path, significantly reducing energy consumption while bounding worst-case relative error. Implemented
in fixed-point and floating-point adders, the CCB architecture achieved substantial energy and performance
gains compared to conventional low-power designs, illustrating an alternative optimization axis when strict
arithmetic accuracy is not required.

Speculative computation has also been employed to reduce average-case latency. Esposito et al. proposed a
variable-latency speculative adder based on the Han-Carlson topology [14]. Their design combines fast
speculative carry computation with an error detection network that identifies incorrect results. The authors
showed that the hierarchical structure of Han—Carlson adders reduces error probability compared to Kogge—
Stone-based speculative designs, yielding lower average delay under realistic input distributions, albeit with
added detection and correction overhead.

Energy efficiency at larger word sizes has been further addressed by Jagadeeshkumar and Meganathan, who
introduced a systematic design of a novel 64-bit parallel-prefix adder using a modified recurrence algorithm and
a two-bit sum generation block [15]. Their synthesis results in advanced CMOS nodes demonstrated reduced
energy consumption relative to Brent—Kung and Ling adders, achieved by reducing the number of prefix stages
and logic elements along the carry path.

Finally, broader comparative studies reinforce the absence of a universally optimal carry look-ahead or
parallel-prefix architecture. Rakesh and Vijula Grace provided a comprehensive review of parallel-prefix adders,
highlighting the fundamental trade-offs between node count, logic depth, area, and power across Kogge—Stone,
Brent-Kung, Han—Carlson, and hybrid variants [16]. Similarly, Gauhar et al. compared FPGA and ASIC
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implementations of common parallel-prefix adders, showing that performance rankings vary significantly across
implementation platforms, word sizes, and optimization targets [17]. In synthesis, these related literatures
emphasize that modern carry look-ahead optimization is inherently context-dependent, with architectural
choices driven by application-specific constraints on speed, energy, area, and accuracy.

IV. THEOREMS AND PROOFS
Definition 1.1 Boolean Domain and Operators
Let B: = {0,1}.

For x,y € B, define boolean operations:
AND: x Ay

OR:xVy

XOR:x®y

All equalities and logical equivalences are over B.

Definition 1.2 n-Bit Words and n-Indexing on Vector Representations
Fix a bit-width n > 2.

An n-bit word is a vector:
A= (an_l, a,_o, ...,ao) € Bn

where:
bit 0 is the Least Significant Bit (LSB)
bit n — 1 is the Most Significant Bit (MSB)

Similarly, B = (b,,_1, ..., bg).

Definition 1.3 Two’s Complement
Define the two’s complement interpretation:
n-2
val,(4) = —a,_, - 2"t + z ay - 2.

k=0

Definition 2.1 Ordered Two-Bit Vector Representation
Let A, B € B™ be two n-bit two’s complement operands. Fix a block width w > 1. Partition each operand into
m = [n/w] contiguous, non-overlapping blocks

A= (Ag, Ay, ., Ap_1), B = (By, By, s By_1),
where block A,contains the most significant (sign) bit and block indices increase toward the least significant
block A,,,_;

Each block A;, B; € B"i, where w; = w except possibly for the final block if n is not divisible by w.
Definition 3.1 Bitwise XOR and AND; Propagate and Generate
For each bit position k € {0, ...,n — 1}, define:

Propagate bit
Pr: = ax D by

Generate bit
gk: = ak A bk

Purpose
pr = 1 means the sum bit at position ktoggles with carry-in (a carry can pass through).
gr = 1 means bit kforces a carry-out regardless of carry-in.

These quantities are defined at the single-bit level and will later be lifted to block-level summaries.
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Definition 4.1 Carry Sequence and Sum
Define carries ¢, ..., ¢,, € B by:
co:=0,c41:=gx V(P Acy) fork =0,...,n— 1.

Define sum bits s, by:
Sk: = pk @ Ck'

Let

S = (STL—].' ...,So)
be the computed n-bit sum.

Lemma 4.1 Full-Adder Correctness from AND/XOR
For each bit k, the recurrence

Cre1 = G V Pk A Cr)

equals the true carry-out of adding a,and b, with carry-in ¢, and the sum bit is given by
Sk = Pr D cx-

Proof
A full-adder outputs carry-out if and only if at least two of {a,’ by’ ¢, } are equal to 1. This Boolean condition is
equivalent to
(ax Aby) V ((ar @ by) A cy),
which is precisely
9i V (Pr A ).

The sum bit satisfies
ay Db Dy =(a, Db) Dy =p, Dcy.m

Theorem 5.1 Carry-In and Carry-Out of Sign Bit
Let:

carry into the sign bit be c¢,,_4,

carry out of the sign bit be c,,.

Proof

By the standard two’s complement overflow theorem, overflow occurs exactly when the sign-bit addition
produces an inconsistent sign with respect to representable range; equivalently, when the carry into the sign bit
differs from the carry out of it. The carries are precisely c,_, and c,,, as defined by Definition 4.1 and Lemma
4.1,

|

Definition 6.1 Bit Indices Inside Vector i
For a 2-bit vector 4; = (ay,;, a;;) and B; = (by,, b;,), define:
u;:=n— 1 — 2i (upper bit index),
l;:=n — 2 — 2i (lower bit index),
whenever [; > 0.

If i = m — 1isa 1-bit remainder vector (odd n), then it contains only the single bit w,,_; = 0.
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Definition 6.2 Bitwise Vector Propagate and Generate Signals

For each block index i, define the bitwise vector propagate and generate signals:
Pivec: = Ai @ Bi! Glyec: = Ai A Bi!

where @ and A are applied element-wise across the bits of the block.

These vectors describe bit-level propagate and generate behavior internal to the block and are not, by themselves,
sufficient to characterize carry traversal across the entire block.

Definition 6.3 Block Activity Abstractions from Vector Signals
For each block i, define the block activity abstractions:

n(ey:=\/ Pl e (6= \/ Gi 1K)
k k
Where PL' = Ai @ BL' and Gi = Ai A Bi'

The predicate m(P;) = 1 indicates that block i contains at least one bit position capable of propagating a carry,
while (G;) = lindicates that block icontains at least one bit position capable of generating a carry.
These abstractions are conservative and do not characterize full block carry-through.

Lemma 6.1 Conservative Block Carry Upper Bound from
Let C; € B denote the carry entering block i(into its least significant bit). Define the conservative carry-out
possibility from block iby:

Ci-p:=m(Gy) V ((P) A Cy).

Then if the true carry-out from block i into block i — 1 is C;_,, we have:
Ci—l = 1 = éi—l = 1

Equivalently, C;_; = 0 implies C;_; = 0. m

Definition 7.1 Inspection Boundary
Let the blocks be indexed 0,1, ..., m — 1 from most significant to least significant, with block Ocontaining the
sign bit.

Fix an inspection boundary h such that 0 < h < m — 1. Blocks {0,1, ..., h} are designated as the inspected upper
region, while blocks {h + 1, ..., m — 1} form the lower region.

Assumption 7.1 Same-Sign Addition Scope
. All subsequent predicates are evaluated only under same-sign operand addition, i.e.,

An-1 = byy.

. Under this condition:
The sign bit does not propagate carries
Overflow, if it occurs, arises solely from a carry entering the sign bit from below

Lemma 7.1 Scalar Abstraction of Vector Signals
For any vector X € B", define its scalar abstraction by

w-1
7(X): = \/X[k].
k=0

That is, m(X) = 1 if and only if at least one bit of X is equal to 1.

This abstraction is used to conservatively summarize vector propagate and generate signals when reasoning
about carry reachability across blocks.

© 2025, IJCSMC All Rights Reserved, ZAIN Publications, Fridhemsgatan 62, 112 46, Stockholm, Sweden 103



Michael Gabriel A. Del Rosario, International Journal of Computer Science and Mobile Computing, Vol.14 Issue.12, Dec- 2025, pg. 97-111

Definition 7.2 Upper Half Carry Reachability Predicate

Define:
m—1 k-1
Ry: = \/ 7(G) A /\n P)
k=h+1 j=1

The predicate R, = 1 indicates that, based solely on vector-level information, the presence of a carry reaching
the sign block cannot be ruled out.

The predicate R, = 0 guarantees that no carry generated in the lower region can reach the sign block under any
concrete carry configuration consistent with the observed vector signals.

Definition 8.1 Sign Block Activity Predicate
Let block 0 be the sign block. Define:
BO: = T[(Go).

The condition B, = 0 guarantees that the sign block contains no bitwise generate signal and therefore cannot
generate a carry-out independent of its carry-in.

Theorem 8.1 Sufficient Condition for Absence of Two’s Complement Overflow
Let A, B € B" be two’s complement operands with identical sign bits.

If:
R, =0,and
BO = 0,

then the addition 4 + B cannot overflow.

Proof.
The predicates R, and B, are computed solely from vector-level propagate and generate signals.

The condition R, = 0 guarantees that no carry generated in any block below the sign block can reach the sign
bit under any concrete realization of carries consistent with the observed vector signals.

The condition B, = 0 guarantees that the sign block cannot generate a carry-out independent of its carry-in.

Under the standard scalar carry semantics of two’s complement addition, overflow requires a carry into the sign
bit that differs from the carry out of the sign bit. Since neither can occur under the above conditions, overflow is
impossible. m

Theorem 8.2 Overflow Exclusion Utilizing R,
If
Rh = O,
then no carry generated in any block k € {h + 1, ..., m — 1} can reach the sign block.

Moreover, if additionally
h

/\n(Pl-) =0,

i=1
then no carry generated anywhere below the sign block can reach it, and overflow is impossible under same-sign
addition.
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Proof.
By Definition 7.2,
m—1 k-1
Ro="\/ [7Gor N\
k=h+1 j=1

If R, =0, thenforeveryk e {h+1,..,m—1},
k-1
7(Gy) /\/\n(Pj) = 0.

j=1

Thus, no block in the lower region both contains a generate bit and has uninterrupted vector-level propagation
through all intervening more significant blocks up to the sign block. Consequently, no carry generated below the
inspection boundary can reach the sign block.

If additionally /\?=1 w(P;) = 0, then there exists at least one block in the inspected upper region that contains

no propagate bit. Any carry originating below the sign block would necessarily have to traverse all blocks
1, ..., h to reach the sign block, which is impossible under this condition. Hence the carry into the sign bit must
be zero.

Under same-sign two’s complement addition, overflow requires a carry into the sign bit. Therefore, overflow is
excluded. m

Theorem 8.3 Monotonicity of Bounded Analysis
Let hy < h,. Then

Rp, =0 = Ry, =0,
but the converse does not necessarily hold.

Proof.
By Definition 7.2, the predicate R is a disjunction over indicesk = h+ 1, ...,m — 1. If by < h,, then
{h,+1,.. m—-1}c{h; +1,..,m—1}

Thus, every disjunct appearing in R, also appears in Ry, . If R, = 0, then all its disjuncts are zero, implying in
particular that all disjuncts of R, are zero. Hence R, = 0.

The converse need not hold, since R, may include additional disjuncts (for k € {h; + 1, ..., h,}) that are absent
fromR,,. m

Theorem 8.4 Completeness at Full Depth
Let the inspection boundary satisfy h = m — 1, so that all blocks of the operands are inspected. The vector-
based predicates R,and Byremain sound sufficient conditions for excluding two’s complement overflow. That is,
if

Rm_1 =0 and BO = 0,

then the addition 4 + B cannot overflow.
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Proof.

When h = m — 1, the predicate R,incorporates vector-level propagate and generate information from all blocks
below the sign block. The condition R,,_; = 0 guarantees that, under any concrete realization of carries
consistent with the observed vector signals, no carry generated at any bit position can reach the sign block. The
condition B, = O guarantees that the sign block contains no bitwise generate signal and therefore cannot
generate a carry-out independent of its carry-in.

Under the standard scalar carry semantics of two’s complement addition, overflow occurs if and only if the
carry into the sign bit differs from the carry out of the sign bit. Since the above conditions jointly preclude both
the existence of a carry into the sign bit and the independent generation of a carry out of the sign bit, it follows
that overflow is impossible.

This establishes that the vector-based method remains sound at full inspection depth, although it does not, in
general, provide a complete characterization of overflow. m

Definition 9.1 Three Output Values

Let the algorithm output one of:

NO (overflow impossible),

INDETERMINATE (cannot exclude without further analysis),
YES (overflow confirmed; possible only after full evaluation).

Algorithm 9.1 Initial Upper-Half Overflow Screening

Partition operands Aand Binto blocks A;, B; (Definition 2.1).
Compute vector signals P; = A; @ B;and G; = A; A B; for each block.
Compute t(P;) and t(G;) for each block.

Evaluate R}, using Definition 7.2.

Evaluate B, using Definition 8.1.

If (5Ry) A (=By), return NO; otherwise return INDETERMINATE.

Theorem 9.1 Soundness
If Algorithm 9.1 returns NO OVERFLOW, then signed overflow cannot occur in the corresponding two’s
complement addition.

Proof
Directly follows from Theorem 8.1. The algorithm implements the predicates B,and R, exactly as defined.
When both predicates are false, no carry interaction with the sign bit is possible, and overflow is excluded. m

Theorem 10.1 XOR Controls Propagate; AND Controls Generate

For each bit position k:

pPx = a, D b, determines whether a carry-in affects carry-out,

Jx = ai A by, determines whether a carry-out occurs independent of carry-in,
in the exact sense that

Cre1 = Gi V (D A Cr)-

Proof
Immediate from Lemma 4.1. m

Theorem 11.1 Overflow Firing Rule
Let ¢,,_1and c,be the carry-in and carry-out of the sign bit. Then overflow fires iff
OVF =c,_1 D c,.

Proof
This is Theorem 5.1 restated. m
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V. APPLICATION
Example of Overflow in Positive Binary Operands
Given
A=01111,B = 01001

Step 1: Split into literal block vectors (Definition 2.1)
MSB to LSB, 2-bit blocks:

A =[Ag Ay, Ap] = [[01],[1,1],[1]]
B = [By, By, B,] = [[0,1],[0,0], [1]]

where for each 2-bit block i:
Ai = [aui' ali]' Bi = [bui' bli]

and block i = 2 is a 1-bit remainder.

Step 2: Compute literal XOR vectors P, = A; @ B; (Definition 6.2)
Py =l[ay, @by, a, ® b,]=[0D0, 1 1]=10,0]
P, =lay, @ by,a, ®b,]=[100100]=][11]
Py = [ay, @ by,] =[1® 1] = [0]

Thus:
P =[[0,0],[1,1],[0]]

Step 3: Compute literal AND vectors G; = A; A B; (Definition 6.3)
Go = [ay, A by, ai, A b ] =[0A0, 1A1] =[0,1]

G, =[ay, A by, a, Ab,]=[1A0, 1A0]=1[0,0]
G = [ay, A by,] =[1A1] =[1]

Thus:
G = [[0,1],[0,0], [1]]

Step 4: Upper-Half Carry Reachability Test (Definition 7.2)
From the computed vector signals, evaluate the scalar abstractions:

n(P) = \[ kLG = \ /[ 6 1K1
k k

Using Definition 7.2, compute:

m-—1 k-1
Ri="\/ [7Gor N\
k=h+1 j=1

In this case, R, = 1. Thus, the bounded upper-half test cannot exclude the possibility of a carry reaching the
sign bit. The result is INDETERMINATE, and exact evaluation is required.

Step 5: Exact Carry Evaluation (Full Analysis)
Since the bounded test is inconclusive, full bit-level carry evaluation is performed using the standard recurrence
of Definition 4.1 to compute the carries c¢,,_; and c,,.

The resulting carries satisfy:
Cpn—1 F Cp.

Step 6: Overflow Determination (Theorem 11.1)
OVF=c,_1Pc, =1

Conclusion
An overflow will occur.
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Example of Overflow in Negative Binary Operands
Given
A =10000,B = 10001

Step 1: Split into literal block vectors (Definition 2.1)
MSB to LSB, 2-bit blocks:
A = [A, A1, 45] = [[1,0],[0,0],

[0]]
B = [Bo, By, B;] = [[1,0],[0,0], [1

1l

where for each 2-bit block i:
Ai = [aui' ali]' Bi = [bui' bli]

and block i = 2 is a 1-bit remainder.

Step 2: Compute literal XOR vectors P; = A; @ B; (Definition 6.2)
Py = [ay, @ by, a;,, D b ] =[1D 1, 06 0] =[0,0]
P, = [ay, ® by, a;, ® b,,] =[0H 0, 0 0] = [0,0]
P, = [ay, @ by,] = [0 D 1] = [1]

Thus:
P = [[0,0],[0,0], [1]]

Step 3: Compute literal AND vectors G; = A; A B; (Definition 6.3)
GO = [auo N buo, alo N blo] = [1 A 1, 0OA 0] = [1,0]
Gy = [ay, Aby,, a;, Ab ] =[0A0,0A0]=10,0]
Gy = [y, Aby,] = [0A1] =[0]

Thus:
G = [[1,0],[0,0], [0]]

Step 4: Upper-Half Carry Reachability Test (Definition 7.2)
From the computed vector signals, evaluate:

n(P) = \[ kLG = \ /[ 6 1K1
k k

Using Definition 7.2:
m-—1 k-1

Ri="\/ [7Gor N\

k=h+1 j=1

In this case, R, = 1. Therefore, the bounded upper-half test is INDETERMINATE, and overflow cannot be
excluded without full evaluation..

Step 5: Exact Carry Evaluation (Full Analysis)
Full bit-level carry computation is performed using Definition 4.1. The resulting carries satisfy:

Cn_1 ¥ Cp.

Step 7: Overflow Determination (Theorem 11.1)
OVF=c¢,_ 1 ®c,=0p1=1

Conclusion
An overflow will occur.
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Example of No Overflow in Positive Binary Operands
Given
A =00110,B = 00011

Step 1: Split into literal block vectors (Definition 2.1)

MSB to LSB, 2-bit blocks:
A = [Ay, Ay, A,] = [[0,0]
B = [By, By, B,] = [[0,0], [0,1],

—
‘!—\
-
—_—
—_—r—

where for each block i:
Ai = [aui' ali]' Bi = [bui' bli]

and block i = 2 is a 1-bit remainder.

Step 2: Compute literal XOR vectors P; = A; @ B; (Definition 6.2)
P=A4;®B;
P, =[0 0,0 0] =[0,0]
P=[180131]=1[10]
P, =[0 1] = [1]

Thus:
P = [[0,0], [1,0], [1]]

Step 3: Compute literal AND vectors G; = A; A B; (Definition 6.3)
G; = A; A\ B;
Gy =[0A0,0A0]=1[0,0]
G, =[1A0,1A1] =[0,1]
G, = [0A1] = [0]

Thus:
G = [[0,0],[0,1], [0]]

Step 4: Upper-Half Carry Reachability Test (Definition 7.2)
From the computed vector signals, evaluate:

n(p) = \[ ik w6 = \/ 6 k1
k k

Using Definition 7.2:

m—1 k-1
Ro=\/ [7Gon [\r®)
k=h+1 j=1

In this case, R, = 0. Thus, no carry generated at or below the inspection boundary can reach the sign block.
Step 5: Exact Carry Evaluation (Full Analysis)

Since R, = 0 and the sign block contains no independent generate activity, overflow is excluded by Theorem
8.1. Exact carry values need not be computed.

Step 7: Overflow Determination (Theorem 11.1)
OVF=c,_1Pc,=080=0

Conclusion
No overflow will occur.
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VI. CONCLUSIONS

This paper presented a bounded carry-based framework for excluding two’s-complement overflow using
partial inspection of the most significant bits. By reasoning over generate and propagate abstractions rather than
full bit-level addition, the method enables sound early exclusion of overflow without sacrificing correctness.

The analysis is intentionally conservative: it never claims overflow unless full evaluation is performed. At
bounded depth, the method serves as a screening mechanism that can conclusively rule out overflow or defer
judgment when uncertainty remains. As the inspection depth increases, the analysis refines monotonically, and
when extended to the full operand width it remains sound as an overflow-exclusion test, while exact overflow
detection still requires full bit-level carry evaluation. Throughout the carry analysis process, one may also
observe the mobility and generation of carries at different bits of the operands. The representation of the binary
operands as vectors are also notable for an overview of carry propagation and generation, as such
representations maintain the bit order of the operands.

A central contribution of this work is the formal treatment of upper-half carry behavior. The framework
distinguishes between propagation barriers within the inspected region and carry generation at or below its
boundary, treating the sign bit as a terminal sink rather than a propagation gate. This separation preserves
soundness while allowing the analysis to incorporate necessary boundary information without inspecting the
entire operand.

The resulting method is architecture-independent, applies directly to two’s-complement addition, and
integrates naturally with static analysis and formal verification workflows. While the approach is limited to
overflow exclusion at bounded depth, its ability to terminate early in common cases offers practical benefits for
analyses where full arithmetic evaluation is costly or unnecessary.

Future work includes extending the framework to other arithmetic operations, exploring adaptive partitioning
strategies for vector construction, and integrating the analysis into symbolic execution and hardware verification
tools to evaluate its impact on real-world workloads.
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