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Abstract— In this paper, we focus on the problem of finding a minimum-sized directed 2-edge-connected 

subgraph, a problem classified as NP-Complete [8], which plays a critical role in various practical 

applications. We present approximation algorithms aimed at finding efficient, high-quality solutions within 

polynomial time. These algorithms are based on a comprehensive analysis of the problem of finding a 

directed 2-edge-connected subgraph, with performance evaluated in terms of the number of edges. The 

results of our experiments demonstrate that the proposed algorithms effectively reduce the number of 

remaining edges across different graph scenarios, particularly in high-density graphs. Moreover, they 

maintain strong connectivity even in the event of edge failures, ensuring the continuity of network operations 

in the face of faults and disasters. 
Keywords— Directed graph, subgraph, strongly connected graph, 2-edge-connected graph, approximation 

algorithms, NP-Complete. 

 

 

I. INTRODUCTION 

Graphs and networks play a critical role in various fields, such as telecommunications, transportation, and 

computer systems, where maintaining robust connectivity is essential. One of the significant challenges in this 

domain is finding a minimum-sized directed 2-edge-connected subgraph, which ensures that the network 

remains connected even after the failure of any single edge According to Menger's theorem[13], there exist two 

independent paths connecting every pair of nodes, which enhances the feature of 2-edge-connected graph. 

Let   be a 2-edge connected diagraph with n vertices and m edges, we focus on the problem of 

finding a minimum size subset  such that the directed subgraph  is 2-edge connected. This 

problem is called minimum size 2-edge connected spanning subgraph problem. This problem is classified as 

NP-complete [8], Given the importance of this problem in practical applications, such as designing fault-tolerant 

communication networks and resilient power distribution systems [14], approximation algorithms offer a 

promising solution. These algorithms aim to provide high-quality solutions within polynomial time, balancing 

between accuracy and efficiency. 
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In this paper, we explore a set of approximation algorithms specifically designed to find minimum-sized 

directed 2-edge-connected subgraphs. The focus of this research is on developing and evaluating several 

algorithms that minimize the number of edges in the subgraph while ensuring strong connectivity. Through in-

depth analysis and experimental validation, we aim to demonstrate the efficiency of these algorithms in 

maintaining robust network performance even in the event of edge failures. This paper presents both the 

theoretical foundations of the proposed algorithms and their practical performance in terms of edge count. 

 

II. METHODOLOGY  

To address the problem of finding a minimum-sized directed 2-edge-connected subgraph, which is classified 

as an NP-Complete problem, a set of approximation algorithms has been developed and employed to provide 

high-quality solutions within polynomial time. These algorithms rely on a combination of techniques, such as 

finding the depth-first search (DFS) tree and verifying 2-edge connectivity, to ensure that the graph maintains its 

strong connectivity after unnecessary edges are removed. 

 In this section, we will outline the detailed steps for implementing the proposed algorithms, starting with the 

pseudocode for each algorithm, followed by the methods used to minimize the number of edges, and concluding 

with the mechanism for verifying that the resulting subgraph retains strong connectivity. The performance of 

each algorithm will also be evaluated in terms of the number of remaining edges. 

 

 

A. Used Algorithms 

1)  Minimal2e Algorithm[6][11]: This algorithm relies on removing unnecessary edges from the directed graph 

to ensure that it remains 2-edge-connected. It examines each edge in the graph, and if the removal of the edge 

does not affect the 2-edge connectivity, it is deleted to guarantee a reduction in the number of edges. 

Pseudocode for the M2e Algorithm: 

Input: a 2-edge-connected directed graph  

For  each  edge   do 

If   is 2-edge-connected    

Remove   from the graph      

output the resulted : the remaining directed subgraph  

 

2)  2PhasesDFS_Minimal2e Algorithm[5]: This algorithm operates in two phases using depth-first search 

(DFS). In the first phase, a DFS tree is constructed for the original graph. In the second phase, edges not 

included in the tree are examined and removed if they are unnecessary, ensuring strong connectivity is 

maintained. 

Pseudocode for the DFS_M2e Algorithm: 

Input: 2-edge-connected directed graph 

1. Run DFS on the directed graph  

2. For  each  edge   do 

                   If     is not DFS tree then    

                      if   is 2-edge-connected  

                              remove   from the graph  

       output: the resulted 2-edge-connected directed subgraph 

 

3)  2DFS_Minimal2e Algorithm: The 2DFS_Minimal algorithm operates by executing a depth-first search (DFS) 

in two phases. In the first phase, DFS is applied to the original graph to construct a DFS tree, which helps in 

identifying the essential edges between the vertices. Subsequently, the graph is reversed, and DFS is performed 

again on the reversed graph. After constructing both trees, the algorithm examines each edge in the original 

graph. If an edge is not part of either tree (indicating that it is not essential for maintaining strong connectivity), 

and if the graph can maintain its strong connectivity after the removal of this edge, it is deleted. 

Pseudocode for the 2DFS_M2e Algorithm: 

Input: 2-edge-connected directed graph 

1. Run  DoubleDFSTree on the directed graph    

2. For  each  edge   do 

                if    is not  DoubleDFSTree then    

                      if is 2-edge-connected  

                              remove  from the graph  

    output: the resulted 2-edge-connected directed subgraph. 
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DoubleDFSTree  AlgorithmPseudocode for the  

1. Run  DFS on the directed graph    

               For  each  edge   do 

                    DFSTree[v][w]=true   

2. Reverse the graph 

3. Run  DFS on the reversed graph  

             For  each  edge  do 

                    DFSTree[w][v]=true  

 

4)  Matching_Minimal2e Algorithm: This algorithm relies on the construction of a matching tree that identifies 

the essential edges connecting the vertices. Subsequently, unnecessary edges that do not contribute to 

maintaining strong connectivity are evaluated and removed if they do not belong to the set of edges generated in 

the first phase. 

Pseudocode for the Matching_M2e Algorithm:  

Input: 2-edge-connected directed graph 

1. Run   MatchingTree on the directed graph    

2. For  each  edge   do 

                if    is not   MatchingTree then    

                      if  is 2-edge-connected  

                              remove   from the graph  

        output: the resulted 2-edge-connected directed subgraph 

 

: MatchingTree  AlgorithmPseudocode for the  

1. Initialize MatchigVertex to false 

2. Initialize MatchigTree to 0 

3. For  each  edge   do 

                    if  MatchingVertex[v]=false and MatchingVertex[w]=false then    

                MatchigTree[v][w]=true 

 

B. Tests 

The proposed algorithms were tested on a set of randomly generated graphs with varying numbers of nodes 

and edges. The performance of the algorithms was evaluated based on a key metric: the number of remaining 

edges after optimization. The objective is to assess the ability of the algorithms to reduce the number of edges 

while maintaining strong connectivity. 

10 20 30 40 50 60 70 80 90 100

M2e 29 69 109 149 189 230 265 303 349 380

DFS_M2e 26 56 86 116 146 177 204 233 266 292

2DFS_M2e 21 41 61 81 101 120 143 165 181 207

Matching_M2e 27 61 97 132 166 203 233 266 306 334
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Fig. 1   Testing M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e in terms of the number of output edges on a graph with nodes ranging 

from 10 to 100 and edges ranging from 83 to 9512. 
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Fig. 1 shows that the 2DFS_M2e algorithm was the most effective in reducing the number of remaining edges 

in all tests, leaving the fewest edges after execution. Although the M2e algorithm was faster, it left a higher 

number of edges, while DFS_M2e and Matching_M2e achieved moderate results in terms of edge reduction. 
 

10 20 30 40 50 60 70 80 90 100

M2e 23 48 99 129 168 204 247 299 334 344

DFS_M2e 22 46 81 106 135 162 193 231 257 274

2DFS_M2e 22 45 66 91 114 134 155 168 190 223

Matching_M2e 23 48 89 116 151 182 218 264 295 307
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Fig. 2   Testing M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e in terms of the number of output edges on a graph with nodes ranging 

from 10 to 100 and edges ranging from 410 to 7738 

 

Fig. 2 shows that it is clear that the 2DFS_M2e algorithm significantly reduced the number of remaining 

edges, especially when dealing with low-density graphs. The M2e algorithm left a higher number of edges 

compared to the other algorithms, while DFS_M2e and Matching_M2e provided satisfactory results in terms of 

the number of remaining edges. 

 

10 20 30 40 50 60 70 80 90 100

M2e 25 49 83 105 137 164 186 213 239 260

DFS_M2e 24 47 74 99 125 150 173 191 217 240

2DFS_M2e 22 45 68 91 118 137 159 183 209 221

Matching_M2e 23 49 80 104 129 157 178 196 227 251
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Fig. 3   Testing M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e in terms of the number of output edges on a graph with nodes ranging 

from 10 to 100 and edges ranging from 100 to 1000 

 

Fig. 3 shows that the 2DFS_M2e algorithm was the most efficient in reducing the number of remaining edges 

in high-density graphs, while the Matching_M2e algorithm performed well but left a higher number of edges 

compared to the 2DFS_M2e algorithm. 
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10 20 30 40 50 60 70 80 90 100

M2e 31 66 100 130 163 198 231 265 298 328

DFS_M2e 26 54 82 108 135 164 192 217 246 271

2DFS_M2e 22 44 70 87 110 131 156 179 200 226

Matching_M2e 28 60 90 121 149 179 211 241 271 298
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Fig. 4   Testing M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e in terms of the number of output edges on a graph with nodes ranging 

from 10 to 100 and edges ranging from 300 to 3000 

 

Fig. 4 shows that we observe that the 2DFS_M2e algorithm was the best at reducing the number of remaining 

edges in medium to high-density graphs. Matching_M2e and DFS_M2e delivered good results, while the M2e 

algorithm left a higher number of remaining edges. 

 

10 20 30 40 50 60 70 80 90 100

M2e 32 68 108 140 175 213 244 284 322 354

DFS_M2e 27 56 85 113 141 169 194 226 256 282

2DFS_M2e 20 42 67 89 110 137 166 176 199 225

Matching_M2e 29 62 96 126 157 190 220 253 289 320
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Fig. 5   Testing M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e in terms of the number of output edges on a graph with nodes ranging 

from 10 to 100 and edges ranging from 500 to 5000 

 

Fig. 5 shows that the 2DFS_M2e algorithm was the most effective in reducing the number of remaining edges 

in high-density graphs. The Matching_M2e algorithm performed reasonably well but left more edges compared 

to 2DFS_M2e. The M2e algorithm was the fastest but left the highest number of remaining edges. 
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III. RESULT 
In this study, four main algorithms were evaluated: M2e, DFS_M2e, 2DFS_M2e, and Matching_M2e. The 

objective of these evaluations was to find a minimum-sized directed 2-edge-connected subgraph, with a focus 

on reducing the number of remaining edges after the execution of each algorithm. 

Performance of the Algorithms in Reducing Remaining Edges: 

A. M2E 

The M2e algorithm is the fastest and simplest among all the algorithms. It relies on removing unnecessary 

edges after directly examining each edge. However, this simplicity reduces its effectiveness in minimizing the 

number of remaining edges compared to the more complex algorithms. As a result, this algorithm leaves a larger 

number of remaining edges, limiting its efficiency in applications that require the maximum possible reduction 

of edges. 

B. DFS_M2E 

The DFS_M2e algorithm operates based on a single phase of depth-first search (DFS). Although it is faster in 

execution compared to the 2DFS_M2e algorithm, its focus on just one phase makes it less precise in removing 

unnecessary edges. This has led to a higher number of remaining edges compared to the other two-phase 

algorithm. 

C. 2DFS_M2e 

The results indicate that the 2DFS_M2e algorithm was the most effective in reducing the number of 

remaining edges across various graphs, particularly in high-density graphs. This algorithm relies on two phases 

of depth-first search (DFS), where a DFS tree is constructed for the original graph, followed by a repeat of the 

process on the reversed graph. This approach allows for more accurate identification of unnecessary edges, 

leading to a significant reduction in the number of remaining edges. An additional advantage of this algorithm 

lies in examining each edge from both directions, which enhances its accuracy in determining which edges can 

be removed without affecting connectivity. 

D. Matching_M2e 

The Matching_M2e algorithm demonstrated good performance in reducing the number of edges, but it was 

less efficient compared to the 2DFS_M2e algorithm. This algorithm relies on constructing a matching tree to 

identify essential edges connecting the vertices. Despite its effectiveness, the results may be influenced by the 

quality of the matching, which can result in a higher number of remaining edges compared to 2DFS_M2e. 

 

IV. CONCLUSIONS 

The findings of this study underscore that the 2DFS_M2e algorithm stands out as the most effective method 

for identifying minimum-sized directed 2-edge-connected subgraphs. Its success is attributed to its 

implementation of two phases of depth-first search (DFS), which enables a comprehensive examination of each 

edge from multiple perspectives. This thorough analysis enhances the algorithm's capability to accurately 

identify and eliminate unnecessary edges, thereby significantly improving the overall performance of the 

network. Conversely, while the M2e algorithm excels in execution speed, it tends to leave a larger number of 

remaining edges. This characteristic renders it less suitable for applications that demand the preservation of 

strong connectivity with the minimal number of edges. Thus, the selection of the appropriate algorithm should 

be guided by the specific requirements of the application—whether prioritizing rapid performance or effective 

edge reduction. This research contributes substantially to the field of fault-tolerant network design by providing 

effective approximation algorithms applicable in diverse domains, including telecommunications, computing, 

and power distribution systems. Furthermore, the results of this study pave the way for future enhancements of 

these algorithms, which could further elevate their performance and efficiency in various practical scenarios. In 

summary, this research not only advances the understanding of network design principles but also establishes a 

foundation for developing robust and sustainable communication networks capable of maintaining functionality 

under a variety of operational conditions. The insights gained here are essential for guiding future research and 

technological innovations aimed at enhancing resilience in modern networking systems. 
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